ABSTRACT. We show that the automorphism group of a certain subclass of smooth Gizatullin surfaces with a distinguished and rigid extended divisor is generated by automorphisms of A 1 -fibrations. Moreover, such surfaces yield examples of smooth Gizatullin surfaces with a non-transitive action of the automorphism group. Thus, they represent counter-examples to Gizatullin's conjecture. For such surfaces we give an explicit orbit decomposition of the natural action of the automorphism group in some special cases.
Introduction
In the following we consider surfaces over the field K = C of complex numbers. A n stands for the affine n-space over C. All results also hold for arbitrary algebraically closed fields of characteristic zero.
Gizatullin surfaces were introduced by Danilov and Gizatullin ([Gi] , [DG2] and [DG3] ). We recall that the Makar-Limanov invariant ML(V ) of a normal affine surface V is defined by
ker(∂).
A useful characterization of normal affine surfaces with trivial Makar-Limanov invariant is the following result due to Gizatullin ([Gi] , Theorems 2 and 3), Bertin ([Be] , Theorem 1.8), Bandman and Makar-Limanov ([BML] and [ML] ) in the smooth case and due to Dubouloz ([Du] ) in the normal case: Proposition 1.1. ( [FZ] , Theorem 4.3) For a normal affine surface V that is non-isomorphic to C * × C * or to C * × A 1 , the following conditions are equivalent:
(1) ML(V ) is trivial, i. e. ML(V ) = C.
(2) The automorphism group acts on V with an open orbit, such that the complement is finite (such orbits are called big). (3) V admits a smooth completion by a zigzag D. In other words, V = X D, where X is a complete surface smooth along D and D = C 0 ∪ ⋯ ∪ C n is a linear chain of smooth rational curves with simple normal crossings.
Normal affine surfaces V satisfying one of the equivalent conditions of Proposition 1.1 are called Gizatullin surfaces. In particular, the automorphism group of Gizatullin surface V is quite large compared to surfaces in general. Studying simple smooth Gizatullin surfaces, like Danielewski surfaces V P = {xy − P (z) = 0} ⊆ A 3 with a polynomial P having pairwise distinct roots, one easily sees that the automorphism group acts transitively on these surfaces (see [ML] ). In this case, the big orbit O coincides with V . Cleary, in the singular case O cannot coincide with V . However, it is still an open question whether O coincides with V in the smooth case. More generally Gizatullin formulated the following conjecture in [Gi] :
Conjecture ( [Gi] , Conjecture 1) 1 : Let V be a smooth Gizatullin surface over an algebraically closed field K of characteristic zero. Then the action of the automorphism group is transitive on V . In other words, the open orbit O of Aut(V ) coincides with V .
In contrast to the case of characteristic zero, counter-examples in positive characteristic were found very early and can be found in [DG1] .
In general it is difficult to determine the orbits of the natural action of Aut(V ) for general normal affine varieties V . But there are some nice results in higher dimension. For example, in [DM-JP] it is shown that the automorphism group of the Koras-Russell cubic X = {x+x 2 y+z 2 +t 3 = 0} ⊆ A 4 has exactly 4 orbits, one of them being the fixed point p = (0, 0, 0, 0).
The aim of this article is to construct families of smooth Gizatullin surfaces V , satisfying special conditions and to determine the orbit decomposition of the natural action of Aut(V ). In particular, it turns out that for these surfaces the big orbit O is a proper subset of V . It follows that such Gizatullin surfaces provide counter-examples to the Gizatullin conjecture.
Let (X, D) be an SNC-completion of a Gizatullin surface V so that V = X D and D is a simple normal crossing divisor. It is well known that D can be transformed by birational transformations into standard form. This means that D = C 0 ∪ ⋯ ∪ C n is a chain of smooth rational curves satisfying C 2 0 = C 2 1 = 0 and C 2 i ≤ −2 for i ≥ 2 if n ≥ 4 or C 2 i = 0 for all i if n ≤ 3. The standard form of the boundary divisor D is (up to reversion) an invariant of the abstract isomorphism type of V (see [FKZ1C] , Cor. 3.33'). But in general this invariant is too weak. It is more convenient to introduce a stronger invariant, the so called extended divisor D ext , defined as follows. The linear pencils C 0 and C 1 provide P 1 -fibrations Φ 0 ∶= Φ C 0 ∶ X → P 1 and Φ 1 ∶= Φ C 1 ∶ X → P 1 . These P 1 -fibrations lift to the minimal resolution of singularitiesX of X. By [FKZ2] , Lemma 2.19, Φ 0 admits at most one degenerate fiber, without lost of generality the fiber over 0, and the extended divisor of (X, D) is
The extended divisor D ext always contains the boundary divisor D. The connected components of D ext − D are called feathers. We denote them by F i,j , 2 ≤ i ≤ n, j ∈ {1, . . . , r i }, and assume that F i,j is attached to the curve C i at points P i,j . In fact, in the smooth case the feathers are irreducible. The Matching Principle (see [FKZ4] ) states that there is a natural bijection between feathers F i,j of (X, D) and feathers F by reversing the boundary zigzag. Our candidates for potential counter-examples for the Gizatullin conjecture are smooth Gizatullin surfaces V with the property that there exist a standard completion (X, D), D = C 0 ∪ ⋯ ∪ C n of V such that C 3 , . . . , C n−1 are inner components (see Def. 2.27 ) and such that no feathers are attached to C 2 and to C n . For a precise formulation of the result see Theorem 3.11 in section 3. Furthermore, we show that in the general case the automorphism group of such surfaces V is generated by automorphisms of A 1 -fibrations, that is, by automorphisms which preserve certain A 1 -fibrations. We also give an explicit description of Aut(V ) as an amalgamated product of two subgroups.
This article is structured as follows. In section 2 we introduce the main tools employed to work with Gizatullin surfaces and more generally with A 1 -fibered surfaces. We are mainly interested in presentations and properties of standard and 1-standard completions of such surfaces. In particular, we give a decomposition of birational maps between 1-standard pairs. Following [FKZ3] - [FKZ4] , we introduce the Matching Principle and the rigidity of extended divisors. Finally, we give a concrete description of smooth Gizatullin surfaces in local affine coordinates.
In section 3 we apply these tools to show that the automorphism group of a general smooth Gizatullin surface V with a distinguished and rigid extended divisor is generated by automorphisms of A 1 -fibrations. Moreover, for such surfaces we give the orbit decomposition of the action of the automorphism group of V . In particular we show that the automorphism group admits fix points in general. These surfaces provide counter-examples to the Gizatullin conjecture. In subsection 3.3 we give explicit presentations of the automorphism groups of such surfaces as amalgamated products of two automorphism subgroups.
Finally, in Section 4 we deal with the singular case and we show that similar results hold.
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Preliminaries
2.1. A 1 -fibered surfaces and Gizatullin surfaces. Following [DG2] , we introduce the notion of an oriented zigzag: Definition 2.1. A zigzag D on a normal projective surface X is an SNC-divisor supported in the smooth locus X reg of X, with irreducible components isomorphic to P 1 and whose dual graph is a chain. If supp(D) = ⋃ n i=0 C i is the decomposition into irreducible components, one can order the C i such that
A zigzag with such an ordering is called oriented and the sequence [[(C 0 ) 2 , . . . , (C n ) 
]]).
An oriented sub-zigzag of an oriented zigzag is an SNC-divisor D ′ with supp(D
which is a zigzag for the induced ordering. We say that an oriented zigzag D is composed of sub-zigzags Z 1 , . . . , Z s , and following [BD] we denote D = Z 1 ▷ ⋯ ▷ Z s , if the Z i , 1 ≤ i ≤ s, are oriented sub-zigzags of D whose union is D and the components of Z i precede those of Z j for i < j.
Surfaces completable by a zigzag were first studied by Danilov and Gizatullin ([Gi] , [DG2] and [DG3] ). Definition 2.2. A normal affine surface V is called a Gizatullin surface if it is completable by a zigzag.
For the rest of this article we fix the following notation:
Notation: If V is a Gizatullin surface and (X, D) is a completion of V by a zigzag D, then D = C 0 + ⋯ + C n and C i and C j have a non-empty intersection only for i − j = 1.
Given a Gizatullin surface V together with a completion (X, D) by a zigzag, we can associate a linear weighted graph Γ D to (X, D). The vertices v i , 0 ≤ i ≤ n, are the boundary components C i and the weights are the corresponding self-intersection numbers w i ∶= C 2 i . Thus Γ D has the form
For a better systematic understanding of Gizatullin surfaces we introduce elementary transformations of weighted graphs.
Definition 2.3. Given an at most linear vertex v of a weighted graph Γ with weight 0 one can perform the following transformations. If v is linear with neighbors v 1 , v 2 then we blow up the edge connecting v and v 1 in Γ and blow down the proper transform of v:
Similarly, if v is an end vertex of Γ connected to the vertex v 1 then one proceeds as follows:
These operations (2.1) and (2.2) and their inverses are called elementary transformations of Γ. If such an elementary transformation involves only an inner blowup then we call it inner. Thus (2.1) and (2.2) are inner whereas the inverse of (2.2) is not as it involves an outer blowup.
We consider a Gizatullin surface V = X D, where X is projective and D is a zigzag. By a sequence of blowups and blowdowns we can transform the dual graph Γ D of D into standard form, i. e. we can achieve that [Da] , [FKZ1] ). Moreover, this representation is unique up to reversion meaning that for two standard forms
The reversion process can be described as follows. We start with a boundary divisor of type [[0, 0, w 2 , . . . , w n ]]. Performing the elementary transformation (2.1) at the vertex corresponding to C 1 we obtain a boundary divisor of type [[−1, 0, w 2 + 1, w 3 , . . . , w n ]]. After w 2 steps we arrive at a boundary divisor of type [[w 2 , 0, 0, w 3 , . . . , w n ]]. This means that we can move pairs of zeros to the right. Repeating this, we finally obtain a boundary divisor of type [[w 2 , . . . , w n , 0, 0]]. Notice that all birational transformations are centered in the boundary, i. e. these transformations yield the identity on the affine parts.
We recall the notion of an m-standard zigzag (see [DG2] , (1.2)): Definition 2.4. A zigzag D on a normal projective surface X is called m-standard (or in mstandard form), if it is of type [[0, −m, w 2 , . . . , w n ]] with n ≥ 1 and w i ≤ −2 (in the case of n = 1 there are no weights w i ). An m-standard pair is a pair (X, D) consisting of a normal projective surface X and an m-
Since the underlying projective surface X of an m-standard pair is rational, it is equipped with a rational fibrationπ = Φ C 0 ∶ X → P 1 defined by the complete linear system C 0 . In particular, if m = 0, there are even two
which is birational ([FKZ2] , Lemma 2.19). After a change of coordinates we can assume that
We also denote the full fiber Φ −1 0 (0) by D (e) . Before determining the structure of the extended divisor, we recall the notion of a feather :
(1) A feather is a linear chain (2) A collection of feathers {F ρ } consists of feathers F ρ , 1 ≤ ρ ≤ r, which are pairwise disjoint.
Such a collection will be denoted by a plus box
A collection {F ρ } is attached to a curve C i if the bridge curves B ρ meet C i in pairwise distinct points and all the feathers F ρ are disjoint with the curves C j for j ≠ i.
Lemma 2.6. ( [FKZ3] , Prop. 1.11) Let (X, D) be a minimal SNC completion of the minimal resolution of singularities of a Gizatullin surface V . Furthermore, let D = C 0 + ⋯ + C n be the boundary divisor in standard form. Then the extended divisor D ext has the dual graph
where {F i,j }, j ∈ {1, . . . , r i }, are feathers attached to the curve C i . Moreover,X is obtained from P 1 × P 1 by a sequence of blowups with centers in the images of the components C i , i ≥ 2.
Remark 2.7. We consider the feathers F i,j ∶= B i,j + F i,j,1 + ⋯ + F i,j,k i,j mentioned in Lemma 2.6. The collection of linear chains R i,j ∶= F i,j,1 + ⋯ + F i,j,k i,j corresponds to the minimal resolution of singularities of V . Thus, if (X, D) is a standard completion of V and (X, D) is the minimal resolution of singularities of (X, D), the chain R i,j contracts via µ ∶ (X, D) → (X, D) to a singular point of V , which is a cyclic quotient singularity. In partcular, V has at most cyclic quotient singularities ( [Mi] , §3, Lemma 1.4.4 (1) and [FKZ3] , Remark 1.12). Hence, V is smooth if and only if every R i,j is empty, i. e. if every feather F i,j is irreducible and reduces to a single bridge curve B i,j ([FKZ3] , 1.8, 1.9 and Remark 1.12).
In connection with Lemma 2.6 we abbreviate the subdivisor
Similarly as standard completions of Gizatullin surfaces arise from P 1 × P 1 , 1-standard completions arise from the Hirzebruch surface F 1 . More explicitly, we have the following lemma:
Lemma 2.8. ( [BD] , Lemma 1.0.7) Let (X, D) be a 1-standard pair and let µ ∶X → X be the minimal resolution of singularities of X. Then there exists a birational morphism η ∶X → F 1 , unique up to an automorphism of F 1 , that restricts to an isomorphism outside the degenerate fibers ofπ ○ µ, and satisfies the commutative diagram
) are isomorphic if and only if there exists an automorphism of F 1 isomor-
) and isomorphically sending the base-points of η −1 (including infinitely near ones) onto those of η ′−1 .
Since F 1 is the blowup of P 2 in one point, every 1-standard pair (X, D) arises as a blowup of P 2 and the blowup process starts as follows
Here we can take any two lines in P 2 for the two curves with self-intersection 1. The extended divisor can also be defined for 1-standard pairs and D ext becomes
This results in the same divisor as taking the extended divisor of the corresponding standard completion, blowing up the intersection point C 0 ∩ C 1 and blowing down the proper transform of C 0 . We will often deal with 1-standard pairs. It follows from [BD] , Lemma 2.1.1 that every
) between 1-standard pairs which is not an isomorphism has a unique base point p ∈ C 0 . This base point is called the center of ϕ. In general, this yields qualitatively different maps depending on whether p ∈ C 0 ∩ C 1 or p ∈ C 0 C 1 .
Definition 2.9. Two A 1 -fibered surfaces (V, π) and (V ′ , π ′ ) are said to be isomorphic if there
Two A 1 -fibrations π, π ′ on a surface V are said to be isomorphic if (V, π) and (V, π ′ ) are isomorphic.
As mentioned above, there are two basic types of birational maps between 1-standard pairs: The fibered modifications, which preserve the given A 1 -fibrations, and the reversions, which are, in some sense, the simplest maps that do not preserve the given fibrations.
) be a birational map between 1-standard pairs and
n be the oriented boundary divisors.
(1) (Fibered modification) ϕ is called a fibered map if it restricts to an isomorphism of A 1 -fibered quasi-projective surfaces
We already introduced the notion of a reversion for standard pairs. Given a standard completion (X, D) of V , we blow up X in C 0 ∩ C 1 and contract the proper transform of C 0 . Letting (X ′ , D ′ ) be the resulting 1-standard completion of V , we obtain a birational map
). We will see in Proposition 2.13 below that these two notions of a reversion coincide after performing such elementary transformations on the boundary.
It turns out that fibered modifications are just the liftings of appropriate triangular automorphisms of A 2 :
Lemma 2.12. (1) ϕ restricts to an isomorphism (X D, π)
(2) (µ
which maps isomorphically the base points of η −1 onto those of (η
is an isomorphism if and only if Ψ is affine.
Indeed, the center p of ϕ gives the full control over the reversion:
Proposition 2.13. (Uniqueness of reversions, [BD] , Prop. 2.3.7) For every 1-standard pair (X, D) and every point p ∈ C 0 C 1 there exist a 1-standard
, unique up to an isomorphism at the target, having p as a unique proper base
These two types of maps, the fibered modifications and the reversions, differ in the position of their center: 1 is a reversion (respectively an isomorphism).
The key observation to control birational maps between 1-standard pairs is to decompose any such map into fibered modifications and reversions:
If ϕ is not an isomorphism, then it can be decomposed into a finite sequence
of fibered modifications and reversions between 1-standard pairs (X i , D i ). Moreover, such a factorization of minimal length is unique, meaning, if
is another factorization of minimal length, then there exist isomorphisms of 1-standard pairs
Automorphisms of A
1 -fibrations and associated graphs. Following [DG2] and [BD] , we introduce for an A 1 -fibered surface V a (not necessarily finite) graph F V which reflects the structure of the automorphism group of V . Definition 2.17. To every normal affine surface V we associate the oriented graph F V as follows:
(1) A vertex of F V is an equivalence class of a 1-standard pair (X, D), such that X D ≅ V , where two 1-standard pairs (X 1 , D 1 ,π 1 ) and (X 2 , D 2 ,π 2 ) define the same vertex if and
Remark 2.18. It follows from the definition that for a 1-standard pair (X, D) two reversions
2 ) centred at points p 1 and p 2 define the same arrow if and only if there exists an automorphism ψ ∈ Aut(X, D) such that ψ(p 1 ) = p 2 .
The structure of the graph F V allows us to decide, whether the automorphism group Aut(V ) of V is generated by automorphisms of A 1 -fibrations. Here we say that ϕ ∈ Aut(V ) is an automorphism of A 1 -fibrations if there exists an (1) The graph F V is connected.
(2) There is a natural bijection between the set of vertices of F V and the isomorphism classes of A 1 -fibrations on V . (3) Let (X, D) be a 1-standard pair with X D ≅ V and let D contain at least one curve with self-intersection ≤ −3. Then there is a natural exact sequence
where H is the (normal) subgroup of Aut(V ) generated by all automorphisms of A 1 -fibrations and Π 1 (F V ) is the fundamental group of the graph F V . In particular, the graph F V is a tree if and only if Aut(V ) is generated by automorphisms of A 1 -fibrations on V .
One can obtain a better description of the group Aut(V ) by introducing the notion of a graph of groups.
Definition 2.20. (cf. [Se] ) A graph of groups is a pair (F, G) such that F is an oriented graph and G consists of a family of vertex groups {G v v ∈ V (F)} and a family of edge groups {G σ σ ∈ E(F)} satisfying the following conditions:
(1) For every edge it holds
Here the index t denotes the target variety of σ and the index s denotes the source variety of σ. A path in (F, G) is a sequence (g 0 , σ 1 , g 1 , . . . , σ r , g r ), where g i ∈ G v i and v 0 , σ 1 , v 1 , . . . , σ r , v r is a path in F. The homotopy equivalence relation ≃ is the equivalence relation generated by the elementary homotopy equivalence relations (σ,
If v is a vertex of F then the homotopy classes of closed paths starting and ending in v form a group under the concatenation (. . . , g)(g ′ , . . . ) = (. . . , gg ′ , . . . ). We denote this group by π 1 (F, G, v) and call it the fundamental group of (F, G) in v.
We can equip F V in a natural way with a structure of a graph of groups.
Definition 2.21. Let V be a normal quasi-projective surface and let F V be its associated graph. Then F V admits a structure of a graph of groups by the following choice:
(
The first version of the following theorem was shown by Danilov and Gizatullin ([DG2] , Theorem 5) and connects the structure of the graph of groups on F V with the automorphism group of V :
, Theorem 5 and [BD] , Theorem 4.0.11) Let (X, D) be a 1-standard pair such that D admits at least one component with self-intersection ≤ −3 and let V ∶= X D. If F V is equipped with a structure of a graph of groups as in Definition 2.21 then the fundamental group of the graph of groups obtained is isomorphic to Aut(V ).
We can identify G σ via λ σ and κ σ respectively with subgroups of G v and G w respectively. It is a well-known result that π 1 (F, G, v) is isomorphic to the amalgamated product G v ⋆ Gσ G w .
2.3. The Matching Principle. In the following we summarize the Matching Principle given in [FKZ4] , section 3. We consider a standard completion (X, D) of a smooth Gizatullin surface V as well as the reversed completion
and we denote the corresponding extended divisors by D ext and D ∨ ext , respectively. By inner elementary transformations we can move the pair of zeros to the right by several places. In this way we obtain, for every t,
∨ with their proper transforms in W . In particular, we can
For brevity we let
Moreover, there are natural isomorphisms
There is a natural correspondence between feathers of D ext and those of D ∨ ext . Before giving the key observation, we recall that for a given feather F of D ext , a boundary component C µ is called mother component of F if the feather F is created by a blowup on C µ during the blowup process X → Q = P The condition i + j ≥ n + 2 is essential. Indeed, every feather F t−1,ρ is a section of ψ and therefore it meets every fiber of ψ.
Configuration spaces and the configuration invariant. Let V be a smooth Gizatullin surface with a standard completion (X, D). The sequence of weights [[w 2 , . . . , w n ]] (up to reversion) of the boundary divisor D is a discrete invariant of the abstract isomorphism type of V ( [FKZ1C] , Cor. 3.33')). In the following we recall a stronger continuous invariant of V , the configuration invariant (see [FKZ4] 
. Similarly, the group C * acts on M * s and we let
Before introducing the configuration invariant we have to distinguish two types of boundary components.
Definition 2.27.
(1) For a natural number i ∈ {2, . . . , n} s i shall denote the number of feathers of D ext whose mother component is
For example, C 2 and C n are always +-components. In the following we let τ i = * in the first case and τ i = + in the second one. It is easily seen that in the blowup processX → P 
For every feather F i,j with self-intersection −1 we let p i,j be its intersection point with C i . Moreover, if there exists a feather F k,j with mother component C i and k > i, then we also add the intersection point c i+1 ∶= C i ∩ C i+1 to our collection (note, that such a feather is unique, if it exists). Thus, the collection of points
is just the collection of locations on C i in which the feathers with mother component C i are born by a blowup. These points are called base points of the associated feathers. The collection
Note that the intersection point c i+1 of C i and C i+1 cannot belong to this collection due to Definition 2.27 (2) (ii). Identifying C i (C i−1 ∪ C i+1 ) with C * in a way that c i+1 corresponds to 0 and c i to ∞ we obtain a point Q i in the configuration space M * s i . Thus, in total, we obtain a point
where τ i ∈ {+, * } represents the type of the corresponding component C i . This point is called the configuration invariant of (X, D).
Performing elementary transformations in (X, D) with centers in C 0 does neither change Φ 0 nor the extended divisor (except for the weight C 2 1 ). Thus, it leaves the s i and Q(X, D) invariant. Therefore, we can define the configuration invariant for every m-standard completion of V . 
Definition 2.30. Let Γ and Γ ′ be weighted graphs. A reconstruction γ of Γ into Γ ′ is a finite sequence
where each arrow γ i is either a blowup or a blowdown. The graph Γ ′ is called end graph of γ. The inverse sequence γ Indeed, a standard completion of a Gizatullin surface is evenly linked to any other standard completion or to its inverse:
The next theorem shows that the configuration invariant Q(V ) of a smooth Gizatullin surface V is indeed an invariant of the abstract isomorphism type of V :
of a smooth Gizatullin surface V , for the configuration invariants s i , s
. . , n and the points Q(X, D) and
The symmetric configuration invariant of a completion (X, D) of a smooth Gizatullin surface V is the unordered pair
Now, the following is obvious:
3) The pairQ(V ) ∶=Q(X, D) as well as the sequence (s 2 , . . . , s n ) (up to reversion) are invariants of the isomorphism type of V .
2.4.
Coordinates on smooth Gizatullin surfaces. For our purpose we need explicit descriptions of smooth Gizatullin surfaces via affine coordinates on appropriate open affine charts. In [FKZ4] , §4, such coordinates are constructed for the case of smooth Gizatullin surfaces which admit a presentation, i. e. where all boundary components C i , i ≥ 2 are +-components. We generalize this description for the case that a smooth Gizatullin surface may have inner components. Our interest will be concentrated on surfaces admitting a standard completion (X, D) such that C 3 , . . . , C n−1 are inner components and such that no feathers are attached to C 2 and C n . Let study the process which creates the * -components C 3 , . . . , C n−1 by successive inner blowups. A standard completion (X, D) of a smooth Gizatullin surface V can be realized as a sequence of blowups of the quadric Q = P 1 × P 1 , such that all blowup centers are contained in C 2 C 1 and its infinitely near neighbourhood. In contrast to the case where all C i are outer components, there is no prescribed ordering for creating inner components. However, the algorithm below describes local coordinate charts on X, and the ordering does not play any role in our final results.
We consider on X 0 ∶= Q = P 1 × P 1 the affine chart Q (C 0 ∪ C 1 ) ≅ A 2 with affine coordinates (x 0 , y 0 ), such that C 0 = {y 0 = ∞}, C 1 = {x 0 = ∞} and C 2 = {y 0 = 0} holds and decompose the map X → P 1 × P 1 into blowups
where every π i creates either a new boundary component or a family of feathers attached to the same component. Now we proceed as follows:
(1) Without loss of generality we may assume that C 2 ∩ C 3 has coordinates (x 0 , y 0 ) = (0, 0). We let (s 0 , t 0 ) ∶= (x 0 , y 0 ) and introduce affine coordinates inductively either via (s i , t i ) = (s i+1 , t i+1 ) (this corresponds to the case when the blowup is performed at infinity) or via
Note, that these local coordinates have the property that both axes are given by certain boundary components. After n − 2 steps we arrive at C k C k−1 = {t n−2 = 0} and C k+1 C k+2 = {s n−2 = 0} for some k (cf. the following figure for the case of the second transformation; in this figure the proper transform of C j+1 becomes C j+2 , since the exceptional curve of the blowup precedes the proper transform of C j+1 ). We let (u k , v k ) ∶= (s n−2 , t n−2 ).
Now, in order to preserve the description of the correspondence fibration and, in particular, the one of the intersection points F i+1 ∩ F ∨ i+1 (cf. [FKZ4] , 5.1, 5.2), we proceed as follows.
(2) Let the first n − 2 blowups X n−2 → ⋯ → X 0 = Q create all inner components. It is easy to check that the coordinate systems (u i , v i ), 2 ≤ i ≤ n − 1, from step (1) satisfy certain relations 
Further, we let F ∨ i,j , j ∈ {1, . . . , r i }, be the proper transform of the closure of the affine line {u i = a i,j } under the blowup of M i . Now, using the relations T ij in (2) we replace the coordinates (u j , v j ) by
Indeed, the following Proposition shows that the projection (x i , y i ) ↦ x i gives the correspondence fibration for the pair (C
Proposition 2.36. Assume that there are given affine coordinates (x i , y i ) on X N as above. Then, in appropriate coordinates on
is a pair of matching feathers.
Proof. First of all, we note that if
ij )(u j , v j ) also give well-defined local coordinates on X (in the sense that for every given (u
2 there is a unique point x ∈ X with such coordinates). Hence, every coordinate system occuring in the algorithm is well-defined.
We show the claim by induction on j ∈ {2, . . . , n − 1}. For j = 2, the caim is obvious. So let us assume that (x j , y j ) ↦ x j , j ≥ 2, gives the correspondence fibration for (C ∨ j ∨ , C j ). To describe the correspondence fibration for the pair (C ∨ j+1 ∨ , C j+1 ) it is sufficient to construct the intermediate surface X M , M ≤ N , where only feathers attached to C µ , µ ≤ j + 1, are already created. First, let us consider two further intermediate surfaces
• On X M ′ only feathers which are attached to C µ , µ ≤ j, are already created.
• On X M ′′ only feathers which are attached to C µ , µ ≤ j − 1, are already created.
We partially reverse
, the curves C ∨ j ∨ and C j−1 are 0-curves. Let further W ′ be the surface corresponding to the correspondence fibration for
is the general fiber of the correspondence fibration for the pair (C ∨ (j+1) ∨ , C j+1 ), it is sufficient to show that the map (x j+1 , y j+1 ) → x j+1 extends to a map W ′ → P 1 , such that its general fiber is isomorphic to P 1 and such that C ∨ j+1
∨ −1 = {y j = 0}. Indeed, if two P 1 -fibrations coincide in a general fiber C, then they coincide everywhere, since both fibrations are given by the morphism associated to the linear system C . Now, on (W ′′ , E ′′ ) we have three coordinate systems, (x j−1 , y j−1 ), (u j , v j ) and (u j+1 , v j+1 ),
By step (2) and (3) of the algorithm, which replace (u j , v j ) by (x j , y j ), it follows that
where −m is the self-intersection number of the proper transform of C j on the surface, which is obtained by blowing down all feathers on C j (in other words, we have C
coordinates of the base points of the feathers F j,k , k ∈ {1, . . . , r j }. Creating these feathers (which results in the surface W ′ ), step (3) gives us
We consider an affine line L a with equation y j = a for some a ∈ C * . We show that its closurē L a intersects C ∨ j ∨ −1 , and that these projective lines do not intersect for different values of a. This gives us, that the A 1 -fibration (x j , y j ) ↦ y j extends to a P 1 -fibration on W ′ , such that C
is a section. Let us parametrize L a via (x j , y j ) = (t, a), t ∈ C. We introduce local coordinates
Hence, letting s ∶= 1 t, we obtain that
, s s ∈ C . Now, to obtain the coorespondence fibration for (C ∨ j ∨ , C j ), we have to perform m+r j elementary transformations centred at P . This leads to new local coordinates (w, z) = (w 0 z m+r j 0 , z 0 ) (with C ∨ j ∨ = {w = 0} and C ∨ j ∨ −1 = {z = 0}). Thus, on the resulting surface we havē the point (w, z) = (1 a, 0) . It follows that the projective linesL a intersect C ∨ j ∨ −1 and that they do not intersect for different values of a. Now, on the surface W ′ , we have u j+1 = 1 y j , hence lines with constant y j -coordinate have also constant u j+1 -coordinate. Thus the claim follows.
Finally, creating the feathers F j+1,i , i = 1, . . . , r j+1 , does neither change the general fibers for the correspondence fibration for (C j+1 , C ∨ (j+1) ∨ ), nor the coordinate u j+1 . The same holds for the elementary transformation for passing to the correspondence fibration for (C ∨ (j+1) ∨ , C j+1 ). Now, since C j (and hence C ∨ j ∨ ) has the equation y j = 0, it is a fiber of (x j+1 , y j+1 ) ↦ x j+1 (at infinity). Thus, (x j+1 , y j+1 ) ↦ x j+1 gives the correspondence fibration for the pair of curves (C ∨ (j+1) ∨ , C j+1 ).
Actions of the automorphism groups of Gizatullin surfaces
In the following we work with standard pairs as well as with 1-standard pairs. Let us introduce some notations concerning 1-standard pairs:
Notation: According to Lemma 1.0.7 in [BD] , any smooth 1-standard pair (X, D) may be obtained by some blowups of points on a fiber of F 1 . An embedding of F 1 into P 2 × P 1 is given by
We denote by τ ∶ F 1 → P 2 the projection on P 2 and by C 0 and C 2 the lines {z = 0} and {y = 0} respectively. We also denote by C 0 and C 2 their proper transforms on F 1 , by C 1 the exceptional curve τ −1
1 and by L 0 the affine line C 2 C 1 ⊆ F 1 as well as its image
2 . Moreover, we have isomorphisms
In these coordinates the affine line L 0 is given by z 0 = 0. In the following we will denote these coordinates on F 1 (C 0 ∪ C 1 ) by (w 0 , z 0 ). The P 1 -fibration on F 1 is given via the second projection:
, which is simply the projection (w 0 , z 0 ) ↦ z 0 onto the second factor.
We denote by Aff the group of automorphisms of A 2 , which extend to automorphisms of P 2 and by Jon the group of triangular (de Jonquieres) automorphisms (automorphisms of (A 2 , π)). In other words, we have
) of 1-standard pairs centered in a point p ∈ C 0 C 1 , we associate to this point its image (λ ∶ 1 ∶ 0) in P 2 via the map τ ○ η ∶ X → P 2 .
We recall the following lemma, which is an important tool to compute the graph F V explicitly:
and let η i ∶ Y i → F 1 be the (unique) birational morphism. Then, the following statements are equivalent:
There exists an element of Jon (respectively of Jon∩ Aff) which sends the points blownup by η 1 onto those blown-up by η 2 and sends the curves contracted by µ 1 onto those contracted by µ 2 .
The rest of the article deals with automorphisms of smooth Gizatullin surfaces. Since these automorphisms extend to birational maps between standard completions of these surfaces, it is natural to study birational maps between standard pairs. In a similar way as for 1-standard pairs, birational maps between standard pairs can be decomposed into fibered modifications and reversions. Preliminary, we show the following special version of Theorem 2.16:
) be a birational map between 1-standard pairs. Then there exists a decomposition
such that:
(1) Each map ϕ i is either a reversion or a fibered map. In the following we abbreviate h a (w 0 , z 0 ) ∶= (w 0 + az 0 , z 0 ), a ∈ C. By Theorem 2.16 we decompose ϕ into
where each ϕ i is a fibered modification or a reversion. Let i be the smallest index such that ϕ i is a reversion and let ϕ i be centred in λ = a and let its inverse ψ i ∶= ϕ
is a reversion which is centred in λ = 0 as well as its inverse. Let ψ 3 ∶= h a , ψ 2 ∶= h −a ○ϕ i ○h b and ψ 1 ∶= h −b . Consider the new decomposition
and use now induction on the number of reversions which do not satisfy property (2).
Let us deduce the decomposition theorem for birational maps of standard pairs. Every smooth standard pair (X, D) arises as a blowup of P 1 × P 1 as well as every 1-standard pair
arises as a blowup of the Hirzebruch surface F 1 . On each of these surfaces we introduced affine charts, namely
, endowed with affine coordinates (w 0 , z 0 ) and (x 0 , y 0 ). Now, blowing up an arbitrary point p = (λ ∶ 1 ∶ 0) ∈ C 0 C 1 ⊆ F 1 with exceptional curve E and contracting the proper transform of C 0 yields E 2 = 0 and C 2 1 = 0 on the resulting surface. In other words, we get Q = P 1 × P 1 .
Fectorization of the map φ λ . The integer on the dashed line denotes its self-intersection number Let us denote this map by
However, performing these transformations we obtain an affine coordinate system (x ′ , y
In other words, we get (x 0 , y 0 ) = (1 y ′ , 1 x ′ ) = (w 0 − λz 0 , z 0 ), up to an isomorphism (x 0 , y 0 ) ↦ (λx 0 , µy 0 ) of P 1 ×P 1 . In particular, this implies the following. Given finite subsets M 3 , . . . , M n−1 ⊂ C * , we can construct a standard pair (X, D) as in 2.4 as well as a 1-standard pair (X ′ , D ′ ) applying precisely the same algorithm, but using the coordinates (w 0 , z 0 ) on F 1 instead of (x 0 , y 0 ) on P 1 × P 1 (this yields the same Gizatullin surface
, where ϕ denotes the reversion of a standard pair. Now, similar to the case of 1-standard pairs we say that a birational map
) between standard pairs is a fibered modification, if it is a lift of a triangular map
, which is not an isomorphism (note, that in the case of standard pairs such maps give isomorphisms between the cooresponding completions if and only if deg(P ) = 0). Hence, Lemma 3.2 and the considerations above immediately imply the following corollary on the decomposition of birational maps between standard pairs:
) be a birational map between standard pairs. Then there exists a decomposition
such that each ϕ i is either a reversion or a fibered modification.
Smooth Gizatullin surfaces and automorphisms of
There is a good chance to obtain A 1 -fibered affine surfaces which behaves well under applying birational maps, if the extended divisor admits as many as possible inner components. For the rest of the article we will assume that V is a smooth Gizatullin surface satisfying the following condition:
V admits a standard completion (X, D) with n ≥ 4 such that C 3 , . . . , C n−1 are * -components and there is no feather attached to C 2 and to C n . Using the Matching Principle it is not hard to see that if V satisfies ( * ), then every standard completion of V also satisfies this condition. The same holds for any m-standard completion of V , since m-standard completions of V are obtained from standard completions by performing elementary transformations centred in C 0 .
Theorem 3.4. Let V be as in ( * ). Then the following hold:
(1) For any two 1-standard
(2) The graph F V has one of the following two forms:
If F V is of the form • ⟲, then D ≥2 is a palindrome and r i = r i ∨ and Q i = Q i ∨ holds for all i = 3, . . . , n − 1. 
Proof. We consider two 1-standard completions
) sends the centers of the blowup η ′ ∶ X ′ → F 1 onto those of η ′′ ∶ X ′′ → F 1 . According to Lemma 2.12 we present ψ in the coordinates
Assuming that the blowup process for both surfaces starts at (0, 0) ∈ L 0 , we obtain c = P (0) = 0 and ψ has the form
such that we create the boundary components by inner blowups in
We fix an index j ∈ {3, . . . , n−1} and consider ψ on the component C j on the surface X n−2 . In each step we introduce inductively affine coordinates (w i , z i ) on X i , such that:
(1) C j C j−1 = {z n−2 = 0} and C j+1 C j+2 = {w n−2 = 0} on X n−2 (here we define C j+2 to be the infinity point if j = n − 1), (2) after each blowup we have either
We refer to the last two coordinate transformations as to transformations of type 1 and type 2 respectively. Denoting the lift of ψ on the surface X i by Ψ i , we show by induction that Ψ n−2 has the form Ψ n−2 (w n−2 , z n−2 ) = αw n−2 (1 + w k n−2 z l n−2 R(w s n−2 z t n−2 )) p , βz n−2 (1 + w k n−2 z l n−2 R(w s n−2 z t n−2 )) q , such that R = γ ⋅ Q with an appropriate γ ∈ C * , k ≥ 0, l, s, t, p, q ≥ 1 and α and β are monomials in a and b. In the first step we blow up F 1 in the point (0, 0) ∈ L 0 and introduce the coordinates (w 1 , z 1 ) via (w 0 , z 0 ) = (w 1 , w 1 z 1 ). This leads to
with R = 1 a Q. In the induction step we consider the case (w i , z i ) = (w i+1 , w i+1 z i+1 ). A short computation yields
) is obvious (we need such transformations only when we perform inner blowups centred outside the affine piece with coordinates (w i , z i )). Moreover, we see from the induction step that k = 0 holds if and only if we perform no blowups of type 1 except for the first one in (0, 0) ∈ L 0 .
Hence, Ψ n−2 induces on C j (C j−1 ∪ C j+1 ) ≅ C * the map Ψ n−2 (w, 0) = (αw, 0). But the affine mapψ (w 0 , z 0 ) ∶= (aw 0 + cz 0 , bz 0 ) with c = Q(0), defines the same map on C j (C j−1 ∪ C j+1 ). In particular,ψ sends the points blown-up by
). This shows (1).
We show that the graph F V admits only one arrow (the first part of assertion (2) follows immediately since F V is connected). Due to (1) we can choose (X, D,π) itself as a representative of the conjugacy class [(X, D)] ∈ F V . The automorphism
can be lifted to an automorphism of (X, D). Moreover, ψ a induces on 
we get the non-trivial direction of (3) as follows. If (X, D,π) is a 1-standard completion of V with r i = r i ∨ > 0, r j = 0 for j ≠ i, i ∨ and Q i = Q i ∨ , the Matching Principle yields r
follows. Hence the graph F V admits only one vertex.
Again, we consider the blowup process (X
, where we create the boundary components in (X
with C * in such a way that C i ∩C i−1 = {∞} and C i ∩ C i+1 = {0}). Since no feathers are attached to C i for i ≠ s, t, these maps do not play any role on these components. Further, the maps x ↦ α s x and x ↦ α t x can be chosen arbitrarily. Indeed, it can be checked by induction on n that an element (a, b) of the 2-torus is compatible with the fibration πΨ 0 . Thus the reversion Ψ 0 is generated by automorphisms of A 1 -fibrations. In Corollary 3.19 below we show that Aut(V ) is generated by ⟨Aut(X, D), Ψ 0 ⟩ and Aut(V, π) (the elements of Aut(X, D) as well as Ψ 0 give automorphisms of V by restriction). It follows that Aut(V ) is generated by automorphisms of A 1 -fibrations.
Remark 3.5.
(1) Theorem 3.4 yields in particular that every
This is a special case of Theorem 5.10 in [FKZ3] , where the same assertion is shown for normal Gizatullin surfaces with a so called distinguished and rigid extended divisor. In the terminology of [FKZ3] these are, considering the smooth case, precisely those Gizatullin surfaces, which satisfy ( * ).
(2) Conversely, the condition that V admits at most two conjugacy classes of A 1 -fibrations does not imply that V admits an extended divisor which satisfies ( * ). We consider the following example. Let V be a smooth Gizatullin surface admitting a 1-standard completion with extended divisor
Note, that the components C 2 , C 4 and C 6 are +-components, while C 3 and C 5 are of type * . We can construct (X, D) from (F 1 , C 0 ∪ C 1 ) in the following way: we blow up two times in (0, 0) ∈ L 0 and introduce coordinates (w 1 , z 1 ) via (w 0 , z 0 ) = (w 1 , w 2 1 z 1 ) as well as coordinates
. This leads to the dual graph
Now we perform an outer blowup in a point P = (β, 0) ∈ C 4 C 3 (in coordinates (u 1 , v 1 ) ), obtaining the component C 6 . Finally we perform an inner blowup in C 4 ∩ C 6 , which results in the component C 5 . After the blowup in P we introduce the coordinates (u 2 , v 2 ) via (u 1 −β, v 1 ) = (u 2 , u 2 v 2 ) and after the last blowup the coordinates (u 3 , v 3 ) via (u 2 , v 2 ) = (u 3 , u 3 v 3 ). We denote the resulting surface by (X,D). In the last step we create both (−1)-feathers by blowing up in some points Q 1 = (0, α) ∈ C 3 (C 2 ∪C 4 ) (in coordinates (w 1 , z 1 ) ) and Q 2 = (0, γ) ∈ C 5 (C 4 ∪C 6 ) (in coordinates (u 3 , v 3 ) ). An appropriate automorphism ψ(w 0 , z 0 ) = (aw 0 + bz 0 , cz 0 ) of (F 1 , C 0 ∪ C 1 ) can bring the surface (X, D) in a "standard form": The condition b = −aβ moves the point (β, 0) on (0, 0) (in coordinates (u 1 , v 1 ) ). Thus we may assume that β = 0. Then ψ can be lifted to (X,D) if and only if b = 0 holds and the lifting Ψ of ψ has the following forms in the coordinates introduced above:
The conditions Ψ(Q 1 ) = (0, 1) and Ψ(Q 2 ) = (0, 1) (in the corresponding affine coordinates) leads to c = a 2 and c 2 = 1, or equivalently (a, c) ∈ {(1, 1), (−1, 1), (i, −1), (−i, −1)}. In particular, ac −1 can take every value in W 4 = {z ∈ C * z 4 = 1} = {±1, ±i}. Therefore we obtain:
(c) For any two 1-standard completions (X, D) and
) (see Lemma 3.1). In particular, V admits only one conjugacy class of A 1 -fibrations. The subgroup Aut(X, D) does not act transitively on C 0 C 1 . If we identify C 0 C 1 with
Since there is a 1 ∶ 1-correspondence betweens arrows and Aut(X, D)-orbits of C 0 C 1 (see Remark 2.18), the graph F V has the form
where the arrows are in a 1 ∶ 1-correspondence to elements of C W 4 . Corollary 3.6. Let V be as in Theorem 3.4 and let n be odd. Then Aut(V ) is generated by automorphisms of A 1 -fibrations.
Proof. We claim that if the subgraph D
≥2
ext of an extended divisor D ext is symmetric, then n is even.
We show by induction on n that this cannot occur for odd n. In the case n = 5 we can blow up the boundary divisor of 
ext is contractible, one of the w i is equal to −1. If w i = −1 for some i ∈ {2, . . . , k − 1}, then we can blow down the corresponding (−1)-curves C i and C i ∨ and obtain a symmetric boundary divisorD =C 0 ∪ ⋯ ∪C n−2 of lenght n − 2. By generating symmetrically feathers oñ D (untilC 2 i ≤ −2 for all 2 ≤ i ≤ n − 2) we obtain an extended divisorD ext , such thatD 3.2. Invariant subsets under the action of Aut(V ). Our next goal is to describe the action of the automorphism group of smooth Gizatullin surfaces as in Theorem 3.4. We will show that these surfaces in general admit points, which do not belong to the big orbit O of Aut(V ). These points are even fixed points of Aut(V ), if the base points of the feathers are "in general position". We start with the following simple observation: Proposition 3.7. Let V be a smooth Gizatullin surface with a standard completion (X, D) and the associated P 1 -fibration π ∶= Φ 0 ∶ X → P 1 . Furthermore, let F i be the feathers of the extended divisor D ext and let
the reversion. Letting O be the big orbit of the natural action of Aut(V ), we have
Proof. Since Aut(V ) acts on V with a big orbit O, each fiber (C 2 ∪⋯∪C n ) ) is the only degenerated fiber of π, every point of V O cannot belong to any other fiber
can be lifted to an automorphism of V , which induces a non-trivial translation x ↦ x + y n−1 on any other fiber
Then x is contained in some regular fiber of the A 1 -fibration π ∨ , thus it can be moved continuously by an appropriate C + -action. Therefore x ∈ O. In a similar way we obtain that any point in
The main result of this paper is a class of smooth Gizatullin surfaces which yield counterexamples to Gizatullin's conjecture. Indeed, we show that the automorphism group of surfaces considered in Theorem 3.4 does not act transitively in general. First of all, we need the following simple lemma:
Lemma 3.8. Let A ⊆ C * be a non-empty finite subset and let
, be the group of m-th roots of unity. We represent A as We will use the following notation: if we represent a finite non-empty subset
In addition, if A = ∅, we let
In order to formulate the main result, we need to determine the boundary components with the property that for every feather F attached to this component we have F D ⊆ O.
Definition 3.9. Let V be as in ( * ) and let (X, D) be a standard completion of V . Then (X, D) arises as a blowup of the quadric Q = P 1 × P 1 and a suitable ordering of the blowups yields an intermediate surface ( ′ are boundary components C τ 1 , . . . , C τm of X with 3 ≤ τ 1 < ⋯ < τ m ≤ n − 1. We call these C τ i the exceptional components of D and we denote E D ∶= {τ 1 , . . . , τ m }. Further, we denote the set {τ
Note, that these C τ i are uniquely determined by this condition.
For example, if D ext has the dual graph
then C 4 and C 5 are the exceptional components of D. Indeed, the blowup X → Q factorizes as follows:
⌋+1 is always exceptional. Moreover, due to the maximality of m it follows that C n−1 is an exceptional component for an arbitrary extended divisor D ext as well. Note also, that in the case where D
ext is symmetric, we have
The following Theorem is the main result of this paper:
Theorem 3.11. Let V be as in ( * ), (X, D) a standard completion of V , and let
, be the base point set of the feathers
where we identify B i,j with B i ∨ ,j after a suitable numbering of the orbits. 1 In both cases, we let
Then the following hold:
Thus we have B i ∨ ,j = αi ⋅ Bi,j for a suitable numbering of the orbits. Note, that this correspondence is well-defined, since two such αi differ by an element of G(Ai) = G(A i ∨ ), which leave the B i ∨ ,j invariant.
(1) The set O 0 is invariant under the action of Aut(V ) and it contains the big orbit O.
Moreover, the subsets O i,j are invariant under the action of Aut(V ).
, then for the fixed point set F (V ) of the natural action of
(4) If r i > 0 holds for a unique i ∈ {3, . . . , n − 1}, then O 0 and the O i,j form the orbit decomposition of the natural action of Aut(V ) on V . Moreover, equality in (3) holds.
The most important step for proving Theorem 3.11 is to show that fibered modifications map the subsets O 0 and O i,j onto similar subsets in the image. In other words, we prove the following crucial lemma:
≅ V be as in Theorem 3.11. Then the following hold:
according to the algorithm given in 2.4 and we use the coordinate systems (u i , v i ) and (x i , y i ) introduced in 2.4. Similarly, we introduce the corresponding coordinate systems for (X ′ , D
We may assume that the blowup (X,
is centred in (0, 0). It follows that P (0) = 0 = c and thus
We fix an index j ∈ {3, . . . , n − 1}. To create the inner components of D and D ′ we follow the algorithm given in 2.4. Following step (1) we introduce on (X i , D i ) coordinate systems (s i , t i ), i = 0, . . . , n − 2, starting with (s 0 , t 0 ) ∶= (x 0 , y 0 ) and such that (s n−2 , t n−2 ) = (u j , v j ).
These coordinate systems are related either by
The first relation arises if we create an inner component at infinity. As in the proof of Theorem 3.4 we refer to the last two transformations as to transformations of type 1 and type 2 respectively. In the following we denote the lift 
where both components are rational functions, expressed by some power series R, S ∈ C[[u j , v j ]], and k ≥ 0, l ≥ 1. Moreover, k = 0 holds if and only if we perform no blowup of type 1, that is of type (s i , t i ) = (s i+1 , s i+1 t i+1 ) except for the first one in (0, 0) ∈ C 2 C 1 .
Proof of Claim 1:
We show this by induction on i. Since (s 0 , t 0 ) = (s 1 , t 1 z 1 ), we have for i = 1 Ψ(s 1 , t 1 ) = as 1 + s 1 t 1 P (s 1 t 1 ), bs 1 t 1 as 1 + s 1 t 1 P (s 1 t 1 ) ,
where β = a b,P (s 1 , t 1 ) = a −1 P (s 1 t 1 ) and the power series S is defined by 1 + t 1 S(s 1 , t 1 ) = 1 (1 + a −1 P (s 1 t 1 )). Thus the claim holds for i = 1. In the case (s i , t i ) = (s i+1 t i+1 , t i+1 ) we obtain
(s i+1 , t i+1 ))) withα = α β and certain power seriesR,S. Similarly, in the case
(s i+1 , t i+1 ))) withβ = β α and certain power seriesR,S. Now, looking at the induction step it is obvious that k = 0 holds if and only if we perform no blowup of type 1 except for the first one in (0, 0) ∈ C 2 C 1 . Now we start to create feathers on the components C 3 , . . . , C j−1 . This corresponds to step (3) in 2.4. It is easy to verify the following claim:
, the map Ψ has the same form as is (3.3) with the same values for k and l (but with possibly other power series R and S).
In particular, Claim 2 implies the following: given any j ∈ {3, . . . , n − 1}, then Ψ ∶ X k ⇢ X ′ k has the form (3.3) on any intermediate surface X k where only feathers with mother components C τ , τ < i, are created. Now we want to observe the action of Ψ on the feathers attached to C j . To create the feathers on the component C j we blow up r j points on C j (C j−1 ∪ C j+1 ) (and similarly for C ′ j ). In the coordinates (u j , v j ) and (u ′ j , v ′ j ), respectively, the base point sets A j and A ′ j can be written as
) induces the multiplication x ↦ α ⋅ x, i. e. α ∈ G(A j ). We consider points P j,s and P ′ j,t such that Ψ(P j,s ) = P ′ j,t , i. e. such that α ⋅ γ s = γ t holds. After the blowup in P j,s and P ′ j,t = Ψ(P j,s ), respectively, we introduce affine coordinates (u, v) and
and
, respectively. We represent the arguments of Ψ in the coordinates 
for certain power seriesR,S. Thus we see thatΨ
Since (u, v) = (0, 0) and (u ′ , v ′ ) = (0, 0), respectively, are precisely the intersection points
The next claim finishes the proof of assertion (1):
Claim 3: l ≥ 2 holds if and only if C j is not an exceptional component of D.
Proof of Claim 3:
We consider the construction of the extended divisor D ext starting from the zigzag C 0 ▷ C 1 ▷ C 2 on Q. We denote the exponents k, l in the i-th lift of Ψ, that is, the exponents in the expression of Ψ(s i , t i ), now by k i , l i , i = 0, . . . , n − 2. The first blowup in (0, 0) ∈ C 2 C 1 is of type 1 and we obtain k 1 = 0 and l 1 = 1. During further blowups we can first perform as many blowups as possible of type 2. After this, we get a certain intermediate boundary divisor
Note, that the components C µ 3 , . . . , C µ p+1 are all exceptional components by definition. During these steps we obtain k i = 0, l i = 1 (see induction step). Here the right-hand boundary component gives the t i -axis and the next-to-last one gives the s i -axis. If the feathers F j,k are attached to C µ p+1 , we need no more transformation of type 2 and we end up in l = l n−2 = 1. But if j ∈ E D , we need at least one more transformation of type 1 and thereafter at least one transformation of type 2 (since the base points of the feathers F j,k lie on the s n−2 -axis). Since transformations of type 1 give k i+1 = k i + l i and l i+1 = l i and transformations of type 2 give k i+1 = k i and l i+1 = k i + l i , it follows that after performing all blowups we have k i ≥ 1 and l i ≥ 2. In particular we obtain l n−2 ≥ l i ≥ 2.
For (2), let F be a feather that is attached to an exceptional component
We consider once again the blowup process X n−2 → X 0 = Q, which produces the boundary divisor D and stop it at a suitable intermediate surface. Since F is attached to an exceptional component, we have to stop at a step where the intermediate boundary divisorD has the dual graph ΓD = [[0, 0, −2, . . . , −2, −1, −p]], such that C i is the proper transform of the unique (−1)-curveC p+1 ofD (and similarly we proceed for X ′ → Q). We consider the lift of the fibered map ψ a (x 0 , y 0 ) = (x 0 + ay 0 , y 0 ), a ∈ C, on (X,D). As showed above, such maps lift to fibered
) (and in particular to any intermediate surface). We consider again the coordinates (s i , t i ), introduced in 2.4 (1). On the surface (X,D) we have the coordinates
If F has the base point (s p , t p ) = (γ, 0), we introduce the coordinates
These coordinates satisfy F D = {u = 0} and
imply that the sets O i,j are reduced to single points. Finally, we assume that r i > 0 and r j = 0 for j ≠ i. First, it is not hard to see that in this case, if the feathers are attached to an exceptional component, then they are attached to C n−1 . Similarly as in (3.1), the torus element t = (a, b) ∈ T gives the map
i+1 and no feather is created by a blowup (note, that t defines an isomorphism D) ). Assume now that the base points P i,s and P i,t are contained in the same G(A i )-orbit. Then there exists an appropriate t with t(P i,s ) = P i,t . Blowing up in A i , t induces the map
Since
for any given α ∈ C * , the elements a, b can be chosen, in addition, in such a way that
This shows that the orbit of any point in
is infinite and is thus contained in O.
Consider now the case i = n − 1, i. e. all feathers are attached to C n−1 . Let F be such a feather. By Claim 3, the fibered maps 
Let us now prove Theorem 3.11.
Proof of Theorem 3.11: Let ϕ ∈ Aut(V ). We extend ϕ to a birational map ϕ ∶ (X, D) ⇢ (X, D), which belongs either to Aut(X, D) or admits a decomposition ϕ = ϕ m ○ ⋯ ○ ϕ 1 , where each ϕ i is either a reversion or a fibered modification. Thus ϕ decomposes into a sequence
i,j be the corresponding subsets of V = X k D k as defined in Theorem 3.11. In the following we have to distinguish two cases: 
, the number of reversions occuring in the decomposition of ϕ is even. Hence, in both cases ϕ(O i,j ) = O i,j . This gives assertion (1). Let F be a feather which is attached to C i with i ∈ E D . Then by Lemma 3.12 (2), F D is contained in O. Reversing (X, D) yields that F D is contained in O, if F is attached to some C i with i ∈ E ∨ D ∨ . This gives (2). Assertion (3) follows immediately from Lemma 3.12 (3) and assertion (4) follows from Lemma 3.12 (4). This ends the proof.
Example 3.14. Consider a smooth Gizatullin surface V with a standard completion
The exceptional components are C 3 and C 5 and thus E D = {3, 5}. Indeed, the boundary divisor arises in the following way:
−3 Further, a direct computation yields that E D ∨ = {5}. Hence, by Theorem 3.11 there is a unique fixed point p ∶= F ∩ F ∨ , where F is the unique feather of D ext . Moreover, the action of Aut(V ) has exactly two orbits, namely O = V {p} and the fixed point {p}.
Remark 3.15. The proof of Theorem 3.11 only shows that the subsets O i,j are Aut(V )-invariant, but it does not say anything about the finite subset ⋃ i≠j F i,ρ ∩ F ∨ j,σ . The reason is that we have no description of these intersection points in the coordinates (x i , y i ) introduced in 2.4. Theoretically, the algorithm given in 2.4 allows us to compute explicit presentations of all dual feathers F j,σ and thus to compute these intersection points. However, this would mean an immense computation and so we omit it.
Remark 3.16. If V admits more than two families of feathers, then the subsets O i,j are not orbits of Aut(V ) in general and there may be a strict inclusion in Theorem 3.11 (2). The problem is obvious: we have only two parameters, which induce motions x ↦ α i ⋅ x on the * -components C i , 4 ≤ i ≤ n − 2 (these parameters are given by a, b ∈ C * in the fibered modifications ψ(x 0 , y 0 ) = (ax 0 + y 0 Q(y 0 ), by 0 )). Moreover, it is difficult to control these motions since they cannot be read out directly from the form of the extended divisor.
Remark 3.17. Let V be a normal affine variety. We denote by SAut(V ) the subgroup of Aut(V ) generated by all algebraic subgroups isomorphic to the additive group G a . Then a point x ∈ V is called flexible, if the tangent space T x V is spanned by the tangent vectors of the orbits H.x of one-parameter unipotent subgroups H ⊆ Aut(V ). Moreover, we call V flexible if every point x ∈ V reg is flexible.
If V is a flexible affine variety then SAut(V ) acts transitively on V reg . Moreover, in [AFKKZ] it was shown that for a normal affine variety V of dimension ≥ 2 the following conditions are equivalent (see [AFKKZ] , Theorem 0.1):
(1) X is flexible.
(2) SAut(V ) acts transitively on V reg . (3) SAut(V ) acts infinitely transitively on V reg . The last condition means that for any collection of points {P 1 , . . . , P k } and {Q 1 , . . . , Q k } in V reg there exists an automorphism ϕ ∈ SAut(V ) such that ϕ(P i ) = Q i . Therefore, instead of "flexible" we sometimes say "infinitely transitive". Similarly, V is called stably infinitely transitive if V × A m is infinitely transitive for some m ≥ 0. Theorem 3.11 shows that smooth Gizatullin surfaces V with a distinguished and rigid extended divisor are not flexible in general. But the following question arises:
Question/Problem: Let V be a smooth Gizatullin surface with a distinguished and rigid extended divisor. Is V stably infinitely transitive?
Remark 3.18. Recently, M. Kh. Gizatullin informed me that V. I. Danilov discovered 1973 a class of curves, today known as Orevkov curves, which give counterexamples to Gizatullins conjecture (see the review to [MS] ). Unfortunately, these counterexamples were never published.
Orevkov curves are plane curves F n ⊆ P 2 , n ≥ 1, of degree f 2n−1 , where f k is the k-th Fibonacci number (starting with f 0 = 0). These curves admit a unique singular point. We consider the affine surfaces V n ∶= P 2 F n . Resolving the singularity yields that V n is completable by a zigzag. Denoting by l n the lenght of the zigzag of V n in standard form, it can be shown that the extended divisor is distinguished and rigid and moreover, that it admits a feather which is attached to an inner component C in , which is not exceptional, if n ≥ 4 (i. e. , if the degree of F n is at least 13). By Theorem 3.11, the action of Aut(V n ) admits a fixed point.
3.3. The amalgamated product structure of the automorphism group. The automorphism groups of surfaces considered in Theorem 3.4 can be represented as amalgamated products of certain subgroups.
Corollary 3.19. Let V be as in Theorem 3.4 and let (X, D) be a 1-standard completion of V . We choose a fixed A 1 -fibration π ∶ V → A 1 and consider the corresponding 
. We denote by A the subgroup corresponding to the edge and by J and J ∨ the subgroups J ∶= Aut(V, π) and
Proof. Let F V have a loop. First we show that Aut(V ) is generated by Aut(X, D), ψ and J. We can extend every automorphism ϕ ∈ Aut(V ) to a birational map ϕ ∶ (X, D) ⇢ (X, D). Then ϕ either belongs to Aut(X, D) or it can be decomposed as
, where every ϕ i is a fibered modification or a reversion. Since every 1-standard completion of V is isomorphic to (X, D), we can assume that (X i , D i ) = (X, D). Therefore, every element ϕ i can be considered as an element of Aut(V ). If ϕ i is a fibered modification, then we have ϕ i ∈ J. But if g i is a reversion, then it can be written as ϕ i = α i ψβ i with certain α i , β i ∈ Aut(X, D), since Aut(X, D) acts transitively on C 0 C 1 . Thus we obtain Aut(V ) = ⟨Aut(X, D), ψ, J⟩ = ⟨A, J⟩. Now we write any ϕ ∈ Aut(V ) as ϕ = a n ○ j n ○ ⋯ ○ a 1 ○ j 1 with a i ∈ A J and j i ∈ J A. Then a i is a product of reversions which is not an isomorphism, and j i is a fibered modification. Theorem 2.16 then yields that ϕ ∈ Aut(X, D). Thus it follows that Aut(V ) = A ⋆ A∩J J.
Assertion (2) follows immediately from Remark 2.23.
Remarks on the singular case
Some of our results can be generalized to the case of singular Gizatullin surfaces. First, we have to generalize the notion of a * -component.
Definition 4.1.
(1) For a general feather F with dual graph
. . . It is easy to see that also in the non-smooth case, that is where feathers can have more than one component, * -components appear as a result of an inner blowup of the previous zigzag, while an outer blowup of a zigzag creates a +-component. Similarly as in the smooth case we have the following lemma:
Lemma 4.2. Let D ext be the extended divisor of the minimal resolution of singularities of a 1-standard completion of a certain Gizatullin surface V . Suppose that every C i , 3 ≤ i ≤ n − 1, is a * -component and that there is no feather attached to the component C n . Then every feather F i,j is an A k -feather, that is, every F i,j is contractible and therefore has the dual graph
with k depending on i and j.
Note that especially for A k -feathers the mother components of all curves D 1 , . . . , D k coincide since any A k -feather is born by successive blowups of a point on the boundary component it is attached to.
Remark 4.3. If every component C i , 3 ≤ i ≤ n − 1, of D ext is a * -component and if there are no feathers attached to C 2 and C n , then it is easy to see that the same property holds for the extended divisor D ∨ ext after reversion (with an arbitrary center). In the following we will assume that the following condition holds:
V admits a 1 − standard completion (X, D) such that C 3 , . . . , C n−1 are * -components and there is no feather attached to C 2 and to C n .
We can generalize Theorem 3.4 to singular Gizatullin surfaces:
Theorem 4.4. Let V be a Gizatullin surface as in ( * ) with n ≥ 4 and let (X, D) be the minimal resolution of singularities of a 1-standard completion of V . For every s ≥ 0, we let A i,s = {P i,s,1 , . . . , P i,s,r i,s } ⊆ C i (C i−1 ∪ C i+1 ) ≅ C * , 3 ≤ i ≤ n − 1, be the base point set of the feathers F i,j , j ∈ {1, . . . , r i }, which are (2) The graph F V has one of the following two forms:
If F V is of the form • ⟲, then D ≥2 is a palindrome and there exist elements γ i ∈ C * , 3 ≤ i ≤ n − 1, such that This shows (1). The proof of assertion (2), (3) and (4) is the same as in the smooth case. completions we obtain that there are also at most two possible dual graphs of an extended divisor of V . Let us now fix a 1-standard completion (X, D) of V . Since the bridge curve of the feather is the only component of D ext with self-intersection number −1, all blowups in X → F 1 are inner, except for the first one (which creates the tip component of the feather). Using this, the same comutation as in the proof of Theorem 3.4 yields that Aut(X, D) acts transitively on C 0 C 1 . Hence, concluding as above we obtain that F V has one of the following forms:
Moreover, F V has a unique vertex if and only if e = e ′ , which is equivalent to e 2 ≡ 1 mod d.
As in the proof of Corollary 3.19 we see that Aut(V d,e ) has the structure of an amalgamated product. To be precise, if e 
